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Abstract
It is known that in any free group the isolator of finitely generated
subgroup is finitely generated subgroup. A very simple proof of this
statement is proposed.
Recall that a subgroup H of some group G is said to be isolated if for any
element g of G and for any positive integer m the inclusion gm ∈ H implies
that g ∈ H . The intersection of all isolated subgroups of group G containing
H is called the isolator of subgroup H and is denoted by the symbol I(H).
In other words, I(H) is the smallest of isolated subgroups of the group G
containing H
These notions were introduced by P.G.Kontorovich [2] and then gener-
alized in the work of V.N.Bezverkhnii [1] as follows:
A subgroup H of some group G is said to be m-isolated for some positive
integer m if for any element g ∈ G the inclusion gm ∈ H implies that g ∈ H .
Let pi be a nonempty set of primes. Subgroup H of a group G is said to be
pi-isolated if it is m-isolated for every pi-number m (or if, equivalently, H is
p-isolated for every prime p ∈ pi). The smallest of the pi-isolated subgroups
of the group G containing H is called the pi-isolator of subgroup H and is
denoted by Ipi(H).
(It should be noted that the original definition of pi-isolation of sub-
groups formulated in [1] means, in accordance with the definition given
here (and consistent with the terminology adopted in modern publications),
pi′-isolation, where pi′ is the complement of set pi in the set of all primes.)
The following statement is true:
Theorem. For any free group F and for arbitrary nonempty set pi of
primes, the pi-isolator Ipi(H) of every finitely generated subgroup H of F is
a finitely generated subgroup.
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In the case when the set pi contains all primes (i.e. the property of being
pi-isolated coincides with the property of being simply isolated), this state-
ment was proved in the paper [4], and, in general case, in the work [1]. In
fact, the assertion of Theorem stated above was only a part of the results in
these works. Namely, in them it was proved the existence of algorithm for
constructing a system of generators for, respectivelly, isolator and pi-isolator
of finitely generated subgroup of a free group and therefore proofs in both
papers were rather complicated and were carried out with using a number
of nontrivial properties of the Nielsen set of generators of subgroups of free
groups. Nevertheless, the proof of only the existence of a finite system of
generators for isolators of finitely generated subgroup of free group proposed
here is quite elementary and requires only three preliminary remarks.
Proposition 1. Let H be a finitely generated subgroup of the free group
F and let the inclusion fm ∈ H hold for some nonidentity element f ∈ F and
some positive integer m. Then the rank of subgroup K of group F generated
by subgroup H and element f does not exceed the rank of subgroup H.
Proof. Let a1, a2, . . . , an be a system of free generators of subgroup H .
By hypothesis, for some word w = w(ai) in these generators the equality
fm = w holds. Note that since fm 6= 1 the word w is not empty.
Further, let U be the free group with free generators x1, x2, . . . , xn, y and
let V be its subgroup generated by elements x1, x2, . . . , xn. Then the group
T = 〈x1, x2, . . . , xn, y; w(xi) = y
m〉 is, on the one hand, the quotient group
of the group U by the normal closure of element w(xi)y
−m, and, on the other
hand, the free product of group V and infinite cyclic group generated by the
element y, with the amalgamated subgroups generated by elements w(xi)
and ym.
Let ϕ denote the natural homomorphism of group U onto the quotient
group T . Also, the mapping xi 7→ ai (i = 1, 2, . . . , n) and y 7→ f defines,
obviously, a homomorphism ψ of group T onto the subgroup K of group F .
Then the product τ = ϕψ is an epimorphism of the group U of rank n + 1
onto the free group K and therefore the rank of K does not exceed n+1. But
since the kernel of homomorphism τ is different from the identity subgroup
and since free groups of finite ranks are Hopfian, the rank of the subgroup
K must be strictly less than n + 1.
So, proposition 1 is proved.
The following statement is almost obvious:
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Proposition 2. For any set pi of primes and for arbitrary subgroup H
of some group G any subgroup K of pi-isolator Ipi(H) such that H 6 K and
K 6= Ipi(H) is not pi-isolated.
Indeed, otherwise the inclusion Ipi(H) ⊆ K would hold.
The third statement we need was formulated in the book [3] (see p.114,
Problem 2.4.17) as Takahasi’s theorem:
Proposition 3. If H1 ⊆ H2 ⊆ . . . is an ascending chain of subgroups
each of rank 6 r in a free group F then all Hi coincide for i suficiently large.
Going directly to the proof of the Theorem, suppose, arguing by con-
tradiction, that the pi-isolator Ipi(H) of some finitely generated subgroup H
of free group F is not a finitely generated subgroup. It will be shown that
then in the group F there exists an infinite strictly increasing sequence of
subgroups such that the rank of each of them does not exceed the rank of
the subgroup H . Thus, in view of Proposition 3 the Theorem will be proved.
Let us put H1 = H . Then subgroup H1 is contained in the subgroup
Ipi(H) and, being finitely generated, does not coincide with this subgroup
and therefore is not pi-isolated. So, there is an element f1 that does not
belong to the subgroup H1 and is such that f
m1
1 ∈ H1 for some positive
pi-number m1. Since element f
m1
1 belongs to the subgroup Ipi(H) (as it is
pi-isolated), we have the inclusion f1 ∈ Ipi(H). Therefore, the subgroup H2
generated by subgroup H1 and element f1 is contained in Ipi(H), contains the
subgroup H1 but not coincides with it and is finitely generated. Moreover,
it follows from Proposition 1 that its rank does not exceed the rank of the
subgroup H1.
Suppose now that for some r > 2 a strictly increasing sequence H1 <
H2 < · · · < Hr of subgroups lying in Ipi(H) and such that the rank of
each of them does not exceed the rank of the subgroup H has already been
constructed. Applying the arguments from the previous paragraph to the
subgroup Hr, we find an element fr that does not belong to Hr and is such
that fmr
r
∈ Hr for some positive pi-number mr. Then, as above, the subgroup
Hr+1 generated by the subgroup Hr and the element fr lies in subgroup
Ipi(H), contains the subgroup Hr not coincides with it and has a rank not
exceeding the rank of the subgroup H .
The existence of a sequence with the promised properties is proven.
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